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1 Plurisubharmonic Functions and the 0 Problem in Several
Complex Variables
1.1 Properties of plurisubharmonic functions
Let © C C™ be open. Last time, we said that u : Q — [—00, c0) is plurisubharmonic if
1. w is upper semicontinuous
2. foral z€ Qand w e C, C> 7 — u(z+ 7w) is subharmonic.

Example 1.1. Let f € Hol(Q2) for an open Q@ C C". Then log |f| and |f|* are plirisubhar-
monic for a > 0.

Proposition 1.1. Let u € C%(Q) be real. Then u is plurisubharmonic if and only if for
any z € Q and w € C",

Proof. We have that w is plurisubharmonic iff A (u(z + 7w)) > 0:
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Remark 1.1. The Hermitian form £, (w) = u] ;- w > 0 is called the Levi form of u.
Plurisubharmonic functions have the following properties:

Proposition 1.2. If Q C C™ is connected and v £ —oo is plurisubharmonic in 2, then
ue L]

loc*



Proof. Use the same argument as for subharmonic functions, using the sub-mean value
property. If n =2, let D = Dy x Dy C C? be a polydisc with D; = D(z?, r;). Then

// u(z1,29) L(d(z1,22)) > / u(z1, 29) dm > m(D)u(2), 29). O
D D,

Proposition 1.3 (Regularization of plurisubharmonic functions). Let 0 < ¢ € C3°(C"™)
be such that [ =1 and ¢ depends only on |z1],...,|zn|. Then us = ux @, € C*°NPSH,
where @.(z) = 62%90(2/5), and uz L u ase | 0.

1.2 L% estimates for the J-operator for several complex variables

Let © C C" be open. We will study Ou = f, where u € Ll20c and f is a 1-form: f =
ij d?j.l Then
5 ofi _ Ofk :
a:0<:>7]:—7 v7]?7‘6[’200
in the weak sense.
We will develop a Hilbert space approach to this problem. Let H; = L?(2,e~%1), where

p1 € C®(Q) is real. Let

Hy = Lo (e ) ={f =) fidz: f; e X(Qe ™)), |fIP =D il

J=1

where o € C°°(2). Consider the densely defined operator T : Hy — Hj sending u +— Ou,
where
_ = _ ou

D(T) = {u € L*(Q,e %) | du € L%O’I)(Q,e #2) . 3f; € L*(Q,e%?) s.t. (972] = f; weakly}.
Definition 1.1. Let H;y, Hy be Hilbert spaces. A linear map T : Hy — Hs with domain
D(T) is closed if the graph of T', G(T') = {x,Tz) : « € D(T)} C H; x H> is closed.

In other words, if =, € D(T) is such that x,, - x € H; and Tz, — y, then x € D(T),
and y =Tz. _

We have that T = 0 : L?(Q,e%1) — L%O 1)(9, e~ %?) is closed. We have that Ran(7") C
F={fc¢ L%og)(Q’ e=%2) : 0f = 0 weakly} C Hy, a closed subspace. We will try to show
that Ran(T") = F for suitable o1, ¢2. Introduce the adjoint of 7™

Definition 1.2. Let T : H; — H> be linear and densely defined. We define the adjoint
T* : Hy — H; as follows:

D(T*) ={v € Hy: 3f € Hy s.t. (Tu,v)yy, = (u, f) g, Yu € D(T)}.
We let T*c = f (D(T) is dense, so f is unique).

!This is sometimes called a (0, 1)-form, as it has no z; differentials.




Remark 1.2. Like T itself, the adjoint may be unbounded.

Proposition 1.4. The adjoint satisfies the following property:
1. If T is closed and densely defined, then T™ is closed and densely defined.
2. T =T.

Example 1.2. Let H; = L?(Q, e %1), Hy = L(OJ)(Q,e_“’?). and T = 0. Then

= _ = ou _ - -
D) =A{ve L%O’l)(Q,e ¥2) :Vu € D(09), Z/ oz, —Te % L(dz) = /Qufe #1 L(dz)
for some f € L*(Q, e %')}.
By integration by parts, C§%,1)(€2) € D(@"). Ifv e D(@"), we get taking u € C° that
f=0v=— > j=1€910;,(e”%2v;), where these are weak derivatives.

We have a closed T : Hi — Hy where Ran(T) C F' C Hy is closed. Next time, we will
show the following.

Lemma 1.1. Ran(T") = F if and only if there exists C > 0 such that || f|| m, < C\T* |l u,
for all f € FND(T*).
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